We calculate the Casimir energy and entropy for two spheres described by the perfect metal model, plasma model, and Drude model in the large separation limit. We obtain nonmonotonic behavior of the Helmholtz free energy with separation and temperature for the perfect metal and plasma models, leading to parameter ranges with negative entropy, and also nonmonotonic behavior of the entropy with temperature and the separation between the spheres. This nonmonotonic behavior has not been found for Drude model. The appearance of this anomalous behavior of the entropy is discussed as well as its thermodynamic consequences.
I. INTRODUCTION
In 1948, Casimir predicted the attraction between perfect metal parallel plates [1] and between neutral polarizable atoms [2] due to quantum fluctuations of the electromagnetic field. Some years later, Schwinger extended this formalism to dielectric plates at finite temperature [3] . Recently, a multiscattering formalism of the Casimir effect for the electromagnetic field has been presented [4, 5] (see also [6] and [7] ).
The Casimir effect has some peculiarities. In particular, it is a non-pairwise interaction; the Casimir thermal force (the thermal part of the Casimir energy) between two isolating bodies is not necessarily monotonic in their separation, as seen in the sphere-plate and cylinder-plate cases [8] . In addition, for some geometries, intervals of negative entropy appear, as in the case of two parallel plates described by the Drude model [9] or, as recently shown, in the interaction between a Drude model plate and sphere [10] and in the interaction between a perfect metal plate and sphere [11] .
In this article we study the Casimir effect between two spheres in the large separation approximation using different models for the electric permeability: (1) the perfect metal model, (2) the plasma model, and (3) the Drude model. As a result, we find negative entropies in certain ranges of temperature and separation between the spheres for the perfect metal model, and for low penetration length for the plasma model. In addition, we find nonmonotonic behavior of the entropy with the separation while the force is attractive for all separations, making it appear as though the natural evolution of the system tends to increase the entropy in certain ranges of temperature and separation. For long plasma length and for the Drude model we do not find this anomalous behavior of the entropy. We also discuss the thermodynamical meaning and consequences of negative entropies in Casimir effect.
The remainder of the article is arranged as follows: In Sect. II, we describe the multiscattering model used herein to obtain the Casimir energies and entropies for the two spheres. In Sect. III, we obtain the large separation limit of the Casimir energy between perfect metal spheres, as well as the entropy and force. We also obtain entropies at smaller separations numerically. We study the plasma model system in Sect. IV and the Drude model in Sect. V. We discuss the thermodynamic consequences of these results in Sect. VI. Finally, we discuss the results obtained in the Conclusions.
II. MULTISCATTERING FORMALISM OF THE CASIMIR ENERGY
To calculate the Casimir energy, entropy, and forces between two spheres, we employ the multiscattering formalism for the electromagnetic field [4, 5] . This formalism relates the Casimir interaction between objects with the scattering of the field from each object. The Casimir contribution to the Helmholtz free energy at any temperature T is given by
where κ n = n λT are the Matsubara frequencies and λ T = c 2πkB T is the thermal wavelength. The prime indicates that the zero Matsubara frequency contribution has height of 1/2. All the information regarding the system is described by the N matrix. For a system of two objects, this matrix is N = T 1 U 12 T 2 U 21 . T i is the T scattering matrix of the i th object, which accounts for all the geometrical information and electromagnetic properties of the object. U ij is the translation matrix of electromagnetic waves from object i to object j, which accounts for all information regarding the relative positions between the objects of the system. For a sphere of radius R with electric and magnetic permeabilities ǫ and µ, the T matrix is diagonal in (ℓmP, ℓ ′ m ′ P ′ ) space, with elements given by T
, where the T P ℓm are defined as [5] 
where
(x), and n = √ µǫ. Expressions for the U αβ matrices can be found in [5] and [12] .
III. PERFECT METAL SPHERES
In the perfect metal limit, we apply ǫ → ∞ for any µ to Eqs. (2) and (3) . In this case, the T matrix elements are inde-,
where z = d/λ T . Note that in Eq. (9), the first correction to zero temperature case is proportional to T 6 , contrary to the plate-sphere case [8, 11] and to the cylinder-plate case [8] , where a result proportional to T 4 were obtained for both systems. The result presented here is new for perfect metal spheres, but expected, because it has been obtained also for compact objects in the diluted limit [13, 14] . As corrections have the same negative sign of the Casimir energy in both limits, they describe an increase of the magnitude of the Casimir energy in high and low temperature limits. It is no longer the case if we study the energy for all temperatures. In fact, for some ranges of separation and temperature, thermal photons tend to reduce the Casimir energy between the spheres, as shown in Fig. 1 . This effect is captured in the contribution of the next term to the quantum limit, this term is
kB T c 7 and tends to reduce the magnitude of the energy. Fig. 1 is an indicator of the appearance of negative entropy in this system because of the negative slope of the energy curve. compared with the energy at zero temperature. The dotted curve is the quantum limit, the dashed curve is the classical limit, and the solid curve is the asymptotic finitetemperature Casimir energy. Note that these curves are independent of the radius of the spheres but are only valid in the large separation limit.
It is clear in Fig. 1 that for some temperatures and distances, the Casimir energy between spheres is lower than in the zero temperature case. But it is less evident the validity Eq. (9). In fact, there is a tiny increase of E/E 0 at low 
B. Casimir entropy in the large separation limit
In the canonical ensemble, the entropy is defined as S = −∂ T E, where we remain that we denote the Helmholtz free energy by E. In the large separation limit, the Helmholtz free energy depends on the adimensional variable z = d λT = 2π dkB T c , so we can write the entropy as
and define the adimensional entropy as S ad (z) =
. From this result, the quantum (T → 0) and classical ( → 0) limits are easily obtained as cates that the entropy could change its growing behavior with the temperature), as we can observe in Fig. 2 , where a region of negative entropy and another region of negative slope of the entropy are observed. Because of the limit at low temperature of the entropy, we know that the entropy is positive for low T (not seen in Fig.  2 because it is small compared with S/S cl , but it can be observed in Fig. 3 ), so there are three points where S = 0, including the origin. These two new points where the entropy nulls correspond to the local maximum and minimum observed in the Casimir energy in Fig. 1 .
Negative entropy of the Casimir effect has already been obtained between Drude parallel plates in [9] and in [15] , and more recently between a perfect metal plate and sphere in [11] and between a Drude sphere and plate in [16] and [10] . This is the first time, to the best of our knowledge, that negative entropy appears between spheres because of the Casimir effect.
These results are only valid when the separation between the spheres is large compared with their radius, regardless of the radius of each one. Therefore, it is possible that the interval of negative entropy would disappear when the separation between the spheres reduces, regardless of the temperature of the system. A numerical exploration of entropies at smaller separation has been performed to verify this issue.
C. Numerical study at smaller separations
As noted in the previous subsection, asymptotic results are no longer valid when the separation between the spheres becomes comparable to their radius. For this reason, a numerical study of entropy was performed for these cases. We computed Eq. (1) numerically for all temperatures from T = 0 until reaching the classical limit for fixed ratio between the radius R and separation, r = R d . For spheres, the T matrices are diagonal but infinite matrices, so a cutoff in (ℓ, ℓ ′ ) space is needed to obtain finitedimensional matrices. In addition, another cutoff in Matsubara frequency is needed to obtain a finite series.
The proposed method is an asymptotic approximation, at small separations more and more modes are needed to obtain convergent results. This means that there exists a minimum separation between the spheres below which we are not able to take into account enough multipoles to obtain good results. We use multipoles up to ℓ ≤ 15, which means that we are restricted to r max = R dmin ≤ 0.45, when contact is reached at r contact = R dcontact = R 2R = 0.5, where the energy diverges. In the small separation limit, the proximity force approximation (PFA) is known to be a good approximation to the Casimir energy [4] . It is also known that perfect metal plates do not experience negative entropies, so we do not expect to observe negative entropies between spheres in the small separation limit.
In Fig. 3 , the entropy of the system of two perfect metal spheres is plotted as a function of z = d λT for constant r = R d . The large separation result is shown too. We choose a loglog representation of the absolute value of the entropy divided by its corresponding classical limit. Therefore, zeros are observed as log divergences, and we can also observe the cases of negative entropy. Starting in the large separation regime, we observe an interval of negative entropy. As we increase r (reducing the separation between the spheres), the region of negative entropy tends to reduce until it disappears between r = 0.40 and r = 0.41. Power-law decay of the entropy (12) at low temperatures is observed as a linear decay of the curve at low z, and constant behavior in the high-temperature limit (13) is also reached in the computation. 
D. Casimir force in the large separation limit
In the previous subsection we demonstrated that intervals of negative entropy appear due to the Casimir effect between perfect metal spheres. In these cases, for any given temperature, a minimum of entropy exists for a given, nonzero separation. Naively, this would imply a violation of the third law of thermodynamics if the Casimir force is not zero at the minimum of the entropy. However, this is not the case, as will be explained in Sect. VI. In addition to that, we find that the force is always attractive, independent of the increase or decrease of the entropy, which also would naively imply a violation of the second law, because the system can be enforced to perform a process in which the entropy is reduced instead increased. However, this is not the case, as will be also explained in Sect. VI. However, the appearance of negative entropy does have an effect on the force. The asymptotic Casimir force F = −∂ d E can be written in terms of the adimensional Casimir energy as
where z = d λT . In Fig. 4 , the adimensional asymptotic force between the perfect metal spheres compared with the zerotemperature force is plotted as a function of Nonmonotonic behavior of the adimensional Casimir force implies nonmonotonic force behavior with temperature, but not with separation, because of the extra dependence of the force on the separation in Eq. (14) . In fact, it is easy to verify that the force behaves monotonically with separation, and the nonmonotonicity of the entropy with separation implies nonmonotonic behavior of the force with temperature, because
so the appearance of negative slopes of the entropy with separation implies nonmonotonicity of the Casimir force with temperature, despite the attractive force for all separations and temperatures. . The dotted curve is the zerotemperature result. The dashed curve is the classical limit, and the solid curve is the result at finite temperatures. The nonmonotonic behavior of the force with temperature results from the negative slope of the solid curve at constant separation As observed in Fig. 4 , the force between the spheres is always attractive, but it is not monotonic with temperature; asymptotically, for any given temperature, there exists a range of separations for which the force decreases with temperature. This is the first time, to the best of our knowledge, that nonmonotonic behavior of the Casimir force with temperature has been described between compact objects. Nonmonotonicities of the force between a plate and cylinder and between a plate and sphere were already obtained in [8] , but in that case the nonmonotonicity already appears for the scalar field. Nonmonotonicity does not appear between spheres for the scalar field; this is a characteristic effect of the electromagnetic field, because cross-polarization terms of the Casimir energy are essential for this nonmonotonicity to appear.
IV. PLASMA MODEL
In this section, we assume that the electric susceptibility of both spheres is described by the plasma model, i.e.,
and µ = 1. To obtain the large separation limit of the Casimir energy, we need the dominant part of the T matrix in this limit. The main contribution comes from the dipolar polarizabilities part of T matrix, taking the form [11, 16] 
with y = 2π R λP . The coefficients of the magnetic polarizability depend on the plasma frequency, tending to the perfect metal result as λ P → 0 and to zero in the transparent limit λ P → ∞ [16] .
A. Casimir energy in the large separation limit
Once we have the asymptotic T matrix, the Casimir energy can be obtained by a straightforward but long calculation. It is possible to obtain analytical results for finite temperatures, but they are too long to show here. The zero-temperature Casimir energy is
207 + 222y 2 + 143y 4 − 414y coth(y) +207y 2 coth(y) 2 − 222y 3 coth(y) , and the high-temperature limit is given by
with y = 2π R λP . The perfect metal limit is reached for λ P → 0, as expected. When the plasma wavelength λ P ≫ R, only the electric sector of the T matrix contributes, so in this case the energy in the zero-and high-temperature limits is given by
B. Casimir entropy in the large separation limit
The entropy of the system is obtained in the same way as for the perfect metal case, but for the plasma model we have two different regimes. When λ P ≪ R, we reach the perfect metal limit, obtaining negative entropy and nonmonotonic behavior of the entropy with separation and temperature as before. However, when λ P ≫ R, the spheres are transparent to the magnetic field and the problem reduces to a scalar problem. In this case, the entropy is always positive. In Fig. 5 , the adimensional asymptotic entropy, compared with its classical limit, is plotted as a function of d λT for these two limits. In Fig. 6 , we present the points ( d λT , λP R ) corresponding to zeros of the entropy (continuous curve), its temperature derivative (dashed curve), or its separation derivative (dotted curve). As discussed in the case of perfect metal plates, the anomalous behavior of the entropy found here would naively imply a violation of second and third laws of thermodynamics, because the Casimir force is always attractive, irrespective of the slope of the entropy. However, this is not the case, as we will discuss in Sect. VI. As noted above, in the perfect metal limit we obtain a region of negative entropy, while for low λ P this region disappears. The point where negative entropies appear depends on the magnetic susceptibility µ. For µ = 1, negative entropies appear around λ P ≈ 2R. divided by the classical limit for the two limit cases. The solid curve is the entropy in the perfect metal limit λR ≪ R, where a region of negative entropy and nonmonotonicities of entropy with separation and temperature are present; the dashed curve is the entropy in the transparent limit λR ≫ R, where the usual monotonic behavior of entropy is shown
V. DRUDE MODEL
In this section we assume that the electric susceptibility of both spheres is described by the Drude model, i.e.,
and µ = 1. To obtain the large separation limit of the Casimir energy, we need the dominant part of the T matrix in this limit. The main contribution comes from the dipolar polarizabilities . (23) Now, the response of the material changes dramatically from the case of the plasma model. In principle, one would expect to obtain the T matrix for the plasma model as σ → ∞, but it is obvious that this is not the case. Not only do we not recover the plasma model in this limit, but also the T matrix diverges. The reason is that the Plasma model is some kind of singular limit of Drude model, with a qualilative different behaviour. Now the dominant contribution is given by the electric sector of the T matrix, whereas the magnetic part does not contribute for asymptotic energies.
A. Casimir energy and entropy in the large separation limit
Once we have the asymptotic T matrix, obtaining the Casimir energy is a straightforward calculation. Carrying out the sum over Matsubara frequency, we obtain the Casimir contribution to the Helmholtz free energy as
where z = d/λ T . The zero-and high-temperature Casimir energy limits are given by
These asymptotic Casimir energies are universal because they do not depend on any material property. The lack of magnetic polarizability contributions is characteristic of the Drude model, leading to an effective scalar Dirichlet problem. The entropy is obtained as in the perfect metal case. As only the electric polarization contributes, we expect the usual behavior of the entropy as a monotonic function of d λT , as shown in Fig.  7 . The zero-and high-temperature Casimir entropy limits are given by
In this case, the correction term to the quantum limit tends to reduce the entropy, but it is not strong enough to change the sign of it, as seen in Fig. 7 . divided by its classical limit for the large separation limit of the system of Drude spheres. Entropy is positive and monotonic in temperature and separation
VI. THERMODYNAMICAL CONSEQUENCES
In this section we discuss the thermodynamical consequences of the obtained results. In this article we have obtained and compared the large separation limit of the Casimir energy and entropy for two spheres using three different electric susceptibility models. For perfect metal spheres, at any nonzero fixed temperature, we observe an interval of separations for which entropy is negative, while at zero temperature the entropy is always zero.
In addition, the Casimir force is attractive for all separations and temperatures. So, we could naively think that we have possible violations of the third and second laws of thermodynamics, due to the existence of processes where the entropy of the system tends to increase and to the negative entropy intervals at finite temperature and distances, respectively.
According to the Krein formula [17] , we know that the Helmholtz free energy of the electromagnetic field has three independent additive contributions (see Eq. (35) of the Appendix): one is from the thermal bath, being proportional to the volume of the space [18] . Another is the sum of contributions of objects immersed in the bath considered as isolated objects, each contribution being also a function of the volume and surface of each object [18] . The third is of geometrical nature, which we could call the Casimir part of the Helmholtz free energy and that we actually calculate in Eq. (1). This term depends on the electromagnetic nature of the objects in the system, but it has a geometric nature, because it depends on the relative separations and orientations between the objects, being zero iff the relative separations between all the considered objects become infinite.
Considering the whole system, the nonmonotonicity of the Casimir entropy with temperature is compensated by the contribution of the vacuum, because one scales with the global volume [18] (Eq. (36) ) and the other with the separation between the spheres (Eq. (13)). This is not the case for the nonmonotonicity with separation. At constant temperature, the entropies of the thermal bath and of each object remain constant, but the Casimir force is always attractive while the entropy can increase or decrease with separation. Therefore, the potential violation of the second law of thermodynamics still requires an explanation.
The Krein formula also states that internal sources of entropy inside the spheres cannot appear in order to compensate these regions of anomalous behavior of the entropy, unless these internal sources are independent of the separation between the spheres.
The second law of thermodynamics states that global entropy must increase for any process, but only in closed systems. As we are working in the canonical ensemble, we are implicitly assuming that there exists an external reservoir which keeps our system at constant temperature, so the system is not isolated and entropy can increase or decrease without violation of the second law. In the canonical ensemble, the condition equivalent to the second law is that the global Helmholtz free energy must decrease for any process, and this is true for the studied system. Therefore, the appearance of nonmonotonic entropy behavior in the canonical ensemble just implies nonmonotonic behavior of the force with temperature, as seen in Eq. (15) .
VII. CONCLUSIONS
In this article we have obtained and compared the large separation limit of the Casimir energy and entropy for two spheres using three different electric susceptibility models. For perfect metal spheres, at any nonzero fixed temperature, we observe an interval of separations for which entropy is negative, while at zero temperature the entropy is always zero.
We can trace the origin of this anomalous effect to the functional form of the Casimir energy in this large separation regime. It consists of four components, two of which are of attractive nature, equivalent to the sum of two scalar problems, one for the electric polarization and the other for the magnetic polarization. The other two components come from the crosscoupling between the electric and magnetic polarizations of the two spheres, and tend to reduce the Casimir energy between the spheres (Eq. 12 of [4] and Eq. 6 of [13] ). These cross-coupling polarization terms are responsible for the impossibility of factorization of the electromagnetic Casimir energy into two equivalent scalar problems in general, and appear because the translation matrix U αβ is not diagonal in polarization space. In this article we show that these cross terms not only reduce the Casimir energy, but also for some separations and temperatures, their contribution to the entropy is greater than the contributions of direct coupling between the electric and magnetic polarizabilities, resulting in an interval of negative entropy and nonmonotonic behavior of the entropy with separation and temperature.
In Sect. VI, having into account the complete thermodynamical system, that the system is described by the canonical ensemble, and with the help of the Krein formula and Weyl formula, we have demonstrated that there are not violations of second and third laws respectively. Therefore, the appearance of nonmonotonic entropy behavior in the canonical ensemble just implies nonmonotonic behavior of the force with temperature, as seen in Eq. (15) .
The interval of negative entropy for the spheres appears because of the cross-coupling between the polarizations of the electromagnetic field, which leads us to conclude that it is a characteristic of the electromagnetic field and does not have an analog in the Casimir effect due to scalar fields.
Applying the PFA to this problem, we obtain that, for perfect metal spheres near contact, the entropy is always positive, so we performed a numerical study of the entropy between perfect metal spheres of equal radius at smaller separations. The results showed that there exists a minimum separation between the spheres for which the negative entropies disappear. In addition, the region of negative slope of the entropy with separation disappears for another smaller separation.
We have also obtained the energy and entropy for the plasma model, for which similar results are obtained for plasma penetration length λ P 2R, while for λ P > 2R, the negative entropies disappear, and for another greater λ P , the nonmonotonic behavior of the entropy with separation also disappears.
In the transparent limit (λ P ≫ R), the magnetic polarization does not contribute to the asymptotic Casimir effect, so the problem reduces to a scalar field problem and we find that entropy is a positive monotonic function.
When we study the asymptotic Casimir effect with Drude model spheres, the system is qualitatively different. The magnetic polarization does not contribute to the asymptotic Casimir effect because it depends on d −4 instead of the d dependence of the electric polarization term. Then also for Drude spheres the asymptotic limit reduces to a scalar field problem, resulting in a positive monotonic entropy.
Nonmonotonicities of the Casimir force between objects are not unusual. As the Casimir effect is not pairwise additive, the interaction between two objects is affected by the presence of a third, leading to nonmonotonicities of the Casimir force between cylinders [19, 20] , or between spheres [21] in the presence of a plate. The nonmonotonicity presented in this article has a different nature, as it does not come from interactions with a third object but rather from correlations with temperature, as seen in Eq. (15) .
In addition, in the assumptions of the multiscattering formalism it is implicitly assumed that the objects are stationary, at fixed positions in space, so all results shown here are valid for quasistatic processes. Therefore, we must carefully consider when this quasistatic assumption does not apply, because the stationary system could abandon equilibrium, requiring more careful study [22, 23] .
followed the opposite way, a derivation of the density of states of the a thermal bath with intrusions and it factorization in Eq. (35).
Terms ρ 0 (ω) and ρ α (ω) diverges with ω because main contribution to Weyl formula for 3D volumes of the EM field [18, 24] ,
but ρ C (ω) converges if our system consists on N compact objects, because in this case, N can be demonstrated to be a trace class operator for all ω, then the determinant is well defined [25] .
